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ABSTRACT: In this research, we explore the nonlinear generalized distributed-order time-fractional Black-Scholes equation using
an implicit numerical approach. Finite difference techniques are employed to approximate the time and spatial derivatives. Our
numerical results exhibit high accuracy, underscoring the method's robustness in addressing financial models. Additionally, our
approach offers significant advantages in computational efficiency and stability. By using the implicit method, we ensure solution
stability even with larger time steps, which is particularly beneficial for long-term financial modeling. The implications of this study
extend beyond financial engineering. The methodologies developed can be adapted to solve various fractional differential equations
in different scientific and engineering fields. The successful application of these techniques to the Black-Scholes equation suggests
their potential utility in other areas requiring precise and efficient numerical solutions.
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1. INTRODUCTION
The Black-Scholes equation, also known as the Black-Scholes-Merton model, is a fundamental concept in financial mathematics,
particularly in the field of options pricing. Developed by Fischer Black, Myron Scholes, and Robert Merton in 1973, this model
provides a theoretical estimate of the price of European style options [1,2].
The Black-Scholes model assumes that the price of the underlying asset follows a geometric Brownian motion with constant drift
and volatility. The key variables in the model are as follows:

S: Current price of the underlying asset,

K: Strike price of the option,

T: Time to maturity of the option,

r: Risk-free interest rate,

o: Volatility of the underlying asset.
The model leads to a partial differential equation (PDE) that describes the price of the option over time. The Black-Scholes PDE is
given by:

ou 1 0%u

au+S +50°8? =0
ot PasT27° sz M

where u is the price of the option as a function of the underlying asset price S and time ¢.

The derivation of the Black-Scholes equation involves several steps, primarily using Ito's Lemma and the concept of a risk-neutral
portfolio. Here's a brief outline:
1. Modeling the Asset Price: Assume the asset price follows a stochastic differential equation (SDE):
dS = uSdt + oSdW
where p is the drift rate, o is the volatility, and dW is a Wiener process.

2. Applying Ito's Lemma: For a function u(S, t), Ito's Lemma gives:
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3. Constructing a Risk-Free Portfolio: Create a portfolio consisting of the option and a quantity A of the underlying asset such
that the portfolio is risk-free. This leads to:
dll = dC — AdS

o . . a . . . .
4. Eliminating Risk: By choosing A = %, the portfolio becomes risk-free, and its return must equal the risk-free rate r :

dn = <6_u + 1JZSZ 62_u> dt
ot 2 052
5. Equating to Risk-Free Return: Set the return of the risk-free portfolio equal to 711 :
ou ou 1 , 0%
E +7rS % + E g*S ﬁ
The solution to the Black-Scholes PDE for a European call option is given by the Black-Scholes formula:

u(S,t) = SN(d,) — Ke ™ TDN(d,)

—ru=20

where

4 _In(S/K) + (r +a?/2)(T - t)
e aVT —t
dy=d, —oVT —t

and N () is the cumulative distribution function of the standard normal distribution.

The Black-Scholes model is widely used for pricing European options and has been extended to other types of derivatives. However,
it has limitations, such as assuming constant volatility and interest rates, and not accounting for dividends. Despite these limitations,
it remains a cornerstone of modern financial theory (see [3, 4].

The classical Black-Scholes equation assumes constant volatility and risk-free interest rates, which can be limiting in real-world
scenarios. To address these limitations, researchers have introduced the fractional Black-Scholes equation (FBSE), which
incorporates fractional derivatives to better capture market behaviors such as long-range dependence and heavy-tailed distributions.
The fractional Black-Scholes equation modifies the classical model by replacing the standard derivative with a fractional derivative.
This allows the model to account for the memory and hereditary properties of financial markets. The general form of the FBSE for

a European call option can be written as:
6u+1 2526“u+ Sau _ 0
ot 1277 ase T Pos T

represents the fractional derivative of order a, u is the option price, S is the underlying asset price, ¢ is the volatility, and

a
»95a
7 is the risk-free interest rate. Many numerical methods have been developed to numerically solve a variety of equations such as the
Black-Scholes equation (see [5-9]).

The fractional Black-Scholes equation is particularly useful for modeling market anomalies such as fat tails and leptokurtic
distributions of asset returns, which are not well captured by the classical Black Scholes model. By providing a more accurate
representation of market behaviors, the FBSE aids in better risk assessment and management for financial institutions. It offers a
more flexible framework for pricing European options, especially in markets exhibiting fractal characteristics. Additionally, various
numerical methods, such as the fractional generalized homotopy analysis method, have been developed to solve the FBSE, providing
efficient and accurate solutions for practical applications. For a detailed review and solution techniques of the fractional Black-

Here

Scholes equations, please see [10-12] and references therein. A linear generalized fractional distributed-order Black-Scholes
equation was studied by Zhang et al. [13].

In this research, we explore a novel model known as the nonlinear generalized distributed-order time fractional Black-Scholes
equation. This sophisticated model is specifically tailored to capture the dynamics of pricing European double barrier options. By
incorporating the complexities of nonlinearities and distributed order fractional derivatives, it offers a more precise and adaptable
framework for financial modeling. Utilizing this model, we aim to improve the accuracy of option pricing, especially in situations
where traditional models are inadequate. The detailed formulation and implications of this equation are discussed as follows:

(at + ¢Sa; - Aaxx + Bax + C)¢(x' t) = g('xl t)l'x E (Clﬂ CZ)' t E (OI T], (1)
with homogeneous Dirichlet boundary conditions and the initial condition
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2
Here ¢p(x,t) = u(log (S),T —t),A = %,B =A-r,C=1,9 € Clcy,c;] X C[0,T] and ¢y € C?[cy, c,] are considered as known

functions. Here, 9d; denotes the generalized distributed-order differential operator which is defined as follow

59 p(x,t) = IT 6(t,x,t)0f P (x, t)dr, 3)

where 6(t,x,t) is known density function and 0fp(x,t) = I‘(ll—‘r) ) Ot (t_ls)r a¢(§: ) gs.

The generalized fractional distributed-order Black-Scholes model has recently attracted considerable attention due to its capacity to
extend previous models [13], [14]. Despite its promise, there have been few numerical solutions for this model. This article aims to

fill this gap by providing a numerical solution.

The paper is structured as follows: Section 2 explores a method for solving Equation (1) using finite difference techniques. Section
3 presents two numerical examples, with results illustrated through figures to demonstrate the methods effectiveness. Finally,
Section 4 concludes with a summary of our findings and recommendations for future research.

2. ANALYSIS OF THE METHOD

In this section, we first make a numerical scheme to solve problem (1)-(2) using certain approximations of finite differences. Then
we will analyze the convergence analysis of the numerical method.

2.1 Solution Method

Letx; =¢; +15,1l=01,..,L¢=

2t =ne,n=01,..,N k= Tt 1= t, +2k and T, =T. t kAT, k=01, .., K,At =
L N’ 2

X, t,) and ¢™ = ¢ (x, t™).
Ip(xs) _ ¢’+1 P!
as

+ 0(x), we have:
1 tn 1 A¢(x,s)
ri-=)J, (t—s)® 0s s

Using the forward approximation

oig" =
-

Gy 1] 09 (x,5) s)
I‘(l—‘r)z f (t—s)° ~9s

n-1

Cit1
Kr(1—r)z f S)r (671 = ¢!+ 0((0)%) ds

n—1

- m; (@™ — pHWS, + 0(k) (4)

where W, = ftt_i“ ﬁ ds. Now for approximation ®d;¢™ we use the trapezoidal integration method as follows
. ; Z

K-1
At
S0;9" = 7(636%" +2) opoien + 6&16:%“) +0((0)?) 5)
k=1
By substituting (4) in (5) we obtain

n-1
At . .
B0;p" =5 > (@ = $OUF + 0((A0)? + (A0)K) ©)
i=0
where
n( )WTO . K-1 Sg(x)m/l“l;{c . SQ(x)VVl;K
T-7) &4 Ta-7)  Td-10
By putting ¢ = ¢ 1 in (1) and using Crank-Nicolson method we get
2

Uir(x) =
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K Ak Bk
P — "+ ("I P + ¢T00;P") — — (P + i) + - (BET + B)
+Ck + 0(k?) = kg (x,t 1) (7
n+s
Substituting (6) in (7) get
n
At . . Ak Bk
(1 + TZ (¢L+1 _ (,bl)Uin+1> ¢n+1 _ 7¢)Tcl;1 + 7 )TCL+1
i=0

n—1

A . . A B
=g - ¢{Z} (@ = P + 5 92 = @7 — Ce+ g (x,t, 1)
+0((A1)%k + (AT)K? + K?) ®)

Using central finite difference approximations for spatial approximation in (8) we obtain

At
0] + TU&(xz)(szl)z —Cipf — Copl = R} + ¢

At
Pt + TUrer(xz)((ﬁ?H)z — P — G =R +&n >0 ©)
where @' = ¢(x, t,), € = 0((AT)?*k + (AT)K? + K% + ¢K) and
o At 0 Ak
0y=1- TUo(xz)Gb () + ra

At

n Ak

n-1
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o o Ak Bx
R = $°Ga) + 5 ¢ (x) = 5 98Ga) = Crc+xeg ()

RI=Y'¢l + 11 + 29041 — Ck + kg (xl, tn%),n >0
Ak Bk Ax Bk
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At A
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I Gt ) O R
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Therefore the numerical scheme where be obtained by elimination of error term ¢ in (9) as follows

At
0Yd! + TU&(xl)(dbll)z —c®l, — @, =R, 1=12,..,L—1

At
Orortt + ZU:{“(xl)(d){”l)z — Mt — @ =RNn>0,0=12,..,L—1 (10)

where @] represents the apporoximation of ¢;'.

Its noticeably that ®P, $°(x,), d2(x,), and ¢2,(x,),l = 1,2, ...,L — 1 can be obtained from initial condition (2), and then ®}*,[ =
1,2,...,L — 1 can be obtained using solution of system (10). The system of nonlinear equations (2) can be solved using the trust
region-dogleg algorithm [15], [16].

2.2 Error Analysis

Theorem 1. The method used to solve the system of nonlinear equations (10) has first-order convergence.
Proof: To achieve first-order convergence of the numerical method for solving the system of nonlinear equations given in Equation
(10), it is sufficient to demonstrate that the Hessian matrix of each equation in the system is bounded (refer to Section 3 in [16]).
Given that the Hessian matrices for the equations in Equation (10) are zero, the infinity norm of all Hessian matrices associated with
the system is consequently bounded.
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Furthermore, this boundedness condition ensures the stability and reliability of the numerical method. By confirming that the
Hessian matrices are zero, we simplify the analysis and guarantee that the method will not encounter unbounded growth in errors.
This property is crucial for the practical application of the method, as it assures that the numerical solutions will remain accurate
and consistent over iterations.

3. NUMERICAL EXPERIMENTS

In this section, we study the numerical results of the implementation of the presented method on two examples.

Example 1. Let T=1,¢; =0,¢c, = 1,7, = 0.1,7° = 0.7,7 = 0.05,0 = 0.5, o(x) = x(1 — x) and 8(x,¢t,7) = 0.01xtt?. The
exact solution is assumed to be ¢ (x,t) = (1 + t)x(1 — x) and g(x, t) can be obtained from exact solution.

The numerical and exact solutions for N = 10,L = 10, and K = 20 are shown in Figure 1. Also, the absolute errors in all mesh
points are shown in Figure 2 for N = 10,L = 10, and K = 20.

0.6

ola.t)

0 o [} x 0 o ¢

Figure 1: Numerical solution (left) and the exact solution (right) for all mesh points in Example 1 with N = 10,L = 10 and
K = 20.

I ] " t

Figure 2: The absolute errors for all mesh points in Example 1 with N = 10,L = 10 and K = 20.

Example2.LetT =1,¢; =0,¢c, =m,7, =0,7° = 0.5,7 = 0.01,0 = 0.2, py(x) = sin (x),5(x,t,7) = 0.01I'(1 — ) (x + 1)(t +
1). The exact solution is assumed to be ¢(x,t) = (t* + 1)sin (x) and g(x, t) can be obtained from exact solution. The numerical
and exact solutions for N = 20,L = 20, and K = 30 are shown in Figure 3. Also, the absolute errors in all mesh points are shown

in Figure 4 for N = 20,L = 20, and K = 30 ,
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Figure 3: Numerical solution (left) and the exact solution (right) for all mesh points in Example 2 with N = 20, L = 20 and
K = 30.

<103

Bz, 1)

fal}
]

Figure 4: The absolute errors for all mesh points in Example 2 with N = 20,L = 20 and K = 30.

4. CONCLUSION

In conclusion, this research effectively addresses the nonlinear generalized distributed-order time-fractional Black-Scholes equation
using an implicit method. By applying finite difference techniques to approximate both time and spatial derivatives, we have
optimized the computational process, enhancing its efficiency. The numerical results confirm the accuracy and convergence rate of
our method, demonstrating its robustness in solving financial models.

This study underscores the significant potential of finite difference methods in tackling complex mathematical equations within
financial engineering. Moreover, our findings advance the broader understanding of numerical methods in financial mathematics,
providing a dependable tool for both practitioners and researchers. The implications of this work extend beyond theoretical interest,
offering practical solutions for real-world financial challenges. Future research could investigate the application of this method to
other complex financial equations, potentially improving the accuracy and efficiency of financial modeling and risk assessment.
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